We characterize the growth and spreading of operators and entanglement in two paradigmatic non-thermalizing phases -the many-body localized phase and the random singlet phase -using out-of-time-ordered correlators, the entanglement contour, and operator entanglement. We contrast these phases with strongly thermalizing holographic conformal field theories and fully localized Anderson insulators. We obtain a phenomenological description of the operator and state dynamics of these phases and demonstrate the utility of the entanglement contour and operator entanglement measures as useful probes of slowly scrambling and non-thermalizing dynamics.
In recent years, the study of chaos and thermalization in out-of-equilibrium quantum systems has received much attention. Generically, interacting quantum systems pushed out of equilibrium with some finite energy density rapidly reach equilibrium and become describable (locally) by a thermal ensemble. This can be understood as a process of information loss, in which the local details of the initial state are spread out, or scrambled, across all degrees of freedom, becoming inaccessible to local measurements.
While most works on quantum chaos and thermalization have focused on systems that obey the eigenstate thermalization hypothesis (ETH) [1, 2] and rapidly scramble information, a number of recent papers have studied slowly scrambling systems using out-of-time-ordered correlators [3] [4] [5] [6] [7] [8] [9] [10] [11] , indicating a rich variety of dynamical behavior in systems that do not reach thermal equilibrium, or do so exponentially slowly. In order to better understand this behavior, we will compute a number of entanglement and operator growth measures in three important classes of non-thermalizing systems; the Anderson insulator, the many-body localized (MBL) phase, and the random singlet phase (RSP).
To study entanglement production and spreading, we will use the entanglement contour, which serves as a well-behaved entanglement density function [12] . The entanglement contour has been shown to provide an intuitive picture of the extent to which each degree of freedom in a given subsystem is entangled with the subsystem's complement. A natural proposal 1 for generic many-body systems is to partition the subsystem, A, into subsets {A i } [ [14] [15] [16] [17] 
where S(A|B) is the conditional entropy
This gives a quasi-local picture of how entanglement entropy is spreading in a system. For the MBL and RSP phases, it elucidates the nontrivial spatial distribution of entanglement after quantum quenches. Moving from a state to an operator picture, we also compute the out-of-time-ordered correlators (OTOC) [18] , specifically C(t) = [V (0, 0), W (x, t)] 2 β , for local operators V and W in all of the aforementioned phases. The OTOC has become a standard measure of operator growth in quantum systems [19] [20] [21] . Two local operators that are initially spatially separated will commute (or anticommute in the case of fermions). As the system evolves in time, however, the spatial support of the operators grow, and the operators fail to commute.
The OTOC measures this failure i.e. the spatial spreading of the local operators. The speed of the wave front created by the OTOC defines the butterfly velocity.
Finally, we compute state-independent measures of information spreading. We map the time evolution operator, U (t), to a state in a doubled Hilbert space, H 1 ⊗H 2 , under channelstate duality [22, 23] and study the associated entanglement entropy known as operator entanglement [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Explicitly, the time evolution operator may be expanded in its energy eigenbasis as
We can then dualize the bra vector to define a state in a doubled Hilbert space
where we take the CPT conjugate and N is a normalization factor. The Hamiltonian acts only on the first copy of the Hilbert space. We then compute entanglement measures within this state. Throughout this paper, we let A be a subsystem in the input Hilbert space, H 1 , and B, C be subsystems in the output Hilbert space, H 2 , with B ∪ C = H 2 (depicted in Fig. 1 ). Using these intervals, we can compute bipartite operator mutual information (BOMI) using the standard definition of mutual information in terms of operator entanglement entropies
and tripartite operator mutual information (TOMI) by a taking linear combination of BOMIs 
Similarly, we can compute bipartite operator logarithmic negativity (BOLN) simply by computing logarithmic negativity, E(A, B) ≡ log |ρ T B AB | 1 , in the operator state. Analogous to TOMI, we also study the tripartite operator logarithmic negativity (TOLN) introduced in Ref. [32] E(A; B, C) = E(A, B) + E(A, C) − E(A, B ∪ C).
(7)
The operator entanglement measures allow us to understand the ability of a Hamiltonian to delocalize information, independent of an initial state. TOMI and TOLN, in particular, tell us about the extent to which information in an interval of the input systems becomes delocalized across the output system, and have been proposed as diagnostics of quantum chaos [27, 31] .
A. Summary of Results
Before proceeding to the details of our analysis, we present two tables (Tables I and   II) [12, 15, 36] 0 [31, 32] Holographic CFT c 12 log β π sinh 2πt β taking L → ∞, otherwise, there will be revivals [37, 38] 3-
These are thermal entropies and are of the largest magnitude possible.
RSP
Complicated quasi-power law growth at early times ( Fig. 7) , log log(t) at very late times [39] Power law light cone, xc ∼ t α , with α ∼ 0.264. ∼ 1/x decaying profile at long times ( Fig. 8) Saturation to non-maximal negative value, with no length dependence ( Fig. 9 ). Magnitude decreases as disorder increases.
MBL
∼ log t (saturation to sub-thermal volume law in finite systems) [40] [41] [42] Logarithmic light cone, exponentially decaying profile at long times Free CFT Ballistic propagating wave packet moving at the speed of light [12] ballistic propagating wave packet. Decay to zero once wave packet passes (i.e. no scrambling) [43] [44] [45] Holographic CFT Ballistic propagating wave packet moving at the speed of light
where a ψ = 1 − 24h c with h the conformal dimension of the primary operator [15] .
Exponential growth (with Lyapunov exponent λ L = 2π/L) once within the light cone of the operator, regardless of the operator. Scrambling time of t * = β 2π log c and late-time exponential decay as ∝ e −2π∆t/β where ∆ is the dimension of the operator [19] [20] [21] .
RSP
Rapid saturation to exponentially decaying profile 
II. MBL in the Disordered Heisenberg Model
Many-body localization (MBL) is perhaps the best known example of ergodicity-breaking in many-body quantum systems. It occurs in interacting systems when an on-site potential is tuned to be sufficiently spatially disordered. MBL has been a subject of intense study in recent years. See, for example, the recent review Ref. [48] and references within. As the strength of the on-site disorder is increased relative to the interaction strength, more and more of the system's high energy eigenstates turn from typical volume law entanglement (as the eigenstate thermalization hypothesis would suggest), to short-range entangled area law states [49] . Once the localization transition is passed, all eigenstates of the system become area law entangled, and the system is fully many-body localized. Before reaching the transition, it is possible to have a mobility edge, separating area law from volume law states. In addition to the area law eigenstates, MBL systems display a number of interesting features. In the localized phase, the systems contain an extensive number of emergent local integrals of motion (LIOMs, sometimes called "l-bits"), with exponentially decaying spatial support. One can write an effective Hamiltonian for the MBL system in terms of these LIOMs [49, 50] . Despite their lack of energy and particle transport, MBL systems nevertheless produce nontrivial long range entanglement in far-from-equilibrium scenarios. For example, if we quench into an MBL Hamiltonian starting from a product state, the system will display a (disorder averaged) logarithmic growth of subsystem entanglement entropy [40, 41] . This nontrivial entanglement growth suggests that it may be worthwhile to study the entanglement and operator dynamics in the MBL phase more deeply.
We find the entanglement contour after a global quench to show the emergence of a logarithmic light cone similar to the one seen for the OTOC in previous works. Next, we compute tripartite operator entanglement measures -proposed probes of quantum chaos -yielding a particularly interesting result indicating that while MBL systems do not thermalize, they do scramble information, albeit very slowly and weakly.
For direct comparison with much of the recent literature, we will investigate the MBL phase of the disordered Heisenberg model with the following Hamiltonian
where h i is a random variable from the uniform distribution [−h, h]. This model is believed to be fully many-body localized for J = 1 and h 7. As in Ref.
[7], we will use h = 16
throughout to ensure a short localization length.
A. Global Quench
We perform a global quench from a random product state on 11 sites and average over 400 disorder realizations. That is, in each disorder realization, we construct a random product state in the spin-z basis, time evolve the state with (8), compute the entanglement entropies and contour at each time step, and then average the results for each realization.
The entanglement entropy dynamics after a global quench in MBL is well known (see e.g. Refs. [40, 41] ). The entanglement entropy will grow logarithmically for a time that scales exponentially with the system size. After this time, the saturated entanglement entropy in finite systems displays a volume law, though with a smaller multiplicative coefficient than the volume law for the thermal state [41] . In some sense, this volume law indicates a partial thermalization of finite size MBL systems [49] .
We study the entanglement contour in order to identify how much entanglement entropy each site in a particular interval is responsible for after the global quench described above.
Before appealing to numerics, we motivate an analytical prediction for the form of the entanglement contour in MBL.
The effective interaction between two "l-bits" separated by a distance d is given by [54] 
where J 0 is the bare interaction (in our case, J 0 = J zz = 1) and ξ is the localization length.
Using the effective interaction of the dressed spins, one can obtain an estimate for the amount of time it takes for two unentangled l-bits to become entangled. This happens when
We now consider an MBL system on a chain of total length L, with a subinterval [0, ].
Picking a point x < within this subinterval, we can count the number of l-bits outside of the interval with which the l-bit at point x is entangled at a particular time t. This is precisely what the entanglement contour should describe. The result (up to proportionality constants) is
The form of the logarithmic light cone is clear; the wave front of the contour arrives at a spreading operator support, one finds that although both the entanglement contour and the OTOC both yield linear light cones, the contour light cone has a velocity that is twice the butterfly velocity, v C = 2v B . Operator spreading adheres to the Lieb-Robinson bound [56, 57] , while entanglement spreading does not 3 . We should thus expect that the contour velocity after a global quench in MBL to be greater than the butterfly velocity in the same system, though not necessarily by a full factor of two.
In Ref.
[7], the authors computed the OTOC as a function of space and time in the disordered Heisenberg model. They do so for several operators both in an eigenstate as well as for thermal states at various temperatures. Defining the butterfly "velocity," v B , as
where j is the site at which the wave front of the OTOC exists at time t (in units of inverse coupling constant, using a particular cutoff value, ∈ (0, 1)), they find that v B depends on both temperature and , with a slower speed of propagation for lower temperatures. Though we are limited by our small system size, we can make an attempt at computing a contour velocity -at least within an order of magnitude -for the MBL global quench. We can define the contour velocity analogously as
where j c is the site that the contour wave front of value × s β A has reached. Looking at the smallest possible discernible wave front in Fig. 3 , we can choose × s β A = 0.002. Using this cutoff, and fitting a line to the wave front in Fig. 3 , we arrive at a contour velocity of v c ∼ 2. This is based on the observation that our selected wave front takes approximately 2 × 10 2 units of time to traverse five sites. Of course, this result is highly dependent on our choice of cutoff , and may also depend on our choice of initial state. The point remains, however, that entanglement spreading after a global quench in MBL as measured by the entanglement contour, occurs much more quickly than the spreading of operators as measured by the OTOC in Ref.
[7] and reproduced in Fig. 6 , where v B ∼ 1. More sophisticated numerical study (perhaps using tensor network methods) of the entanglement contour after a global quench in MBL is warranted. This would allow simulation on much larger system sizes, taking advantage of the emergent integrability of MBL systems. Performing simulations for larger system sizes using various initial states should yield a more precise understanding of the relationship between v B and v c in MBL. We leave this for future work.
B. Operator Entanglement and Negativity
Operator entanglement has previously been studied in MBL systems [40, 58] . We would like to extend this work by computing the tripartite operator mutual information and logarithmic negativity which should provide a clear window into the information scrambling capabilities of MBL Hamiltonians.
We find slow scrambling in the tripartite operator mutual information and tripartite operator logarithmic negativity as seen in Fig. 4 . While a significant portion of the information in the input channel is delocalized under time evolution, the Haar random values of TOMI and TOLN are never reached 4 . Intriguingly, it appears that the scrambled quantum information (TOLN) may scale differently with system size than the total information (TOMI).
By "total," we are referring to both the quantum and classical (thermal) correlations to which mutual information is sensitive (see e.g. Ref. [60] ). Since negativity probes purely quantum correlations, the larger magnitude of the tripartite mutual information for MBL points to possible spurious entanglement, meaning the TOMI may mislead us to think that the system has scrambled more quantum information than it truly has. Our system sizes, however, are limited by exact diagonalization to 6 sites (12 sites in the doubled Hilbert space).
Regardless of the finite-size limitations, the saturation of the operator entanglement measures at nontrivial values points to some sort of quasi-thermalization, as does the finite size saturation seen in the entanglement entropy. It would be very interesting to distinguish this late-time state from conventional scrambled states.
C. Local Quench
While the global quench and operator entanglement analyses reveal the novel aspects of entanglement growth and thermalization in MBL, further analysis is needed to understand the propagation of local operators. In local operator quenches, we start in the ground state of the Hamiltonian and insert a local operator -either σ x i , σ z i , or σ x i + σ z i -driving the system out of equilibrium. The entanglement contour then tracks how the information of this local operator insertion spreads across the system in time.
We choose the same six site interval as before and insert the local operator at site six at t = 0. The resulting entanglement contours for the operators σ x 6 , 1 √ 2 (σ x 6 + σ z 6 ), and σ z 6 can be seen in Fig. 5 . In all three of the operator quenches, it is difficult to discern any clear entanglement spreading from the entanglement contour. Soon after the initial operator insertion, the contour equilibrates to what appears to be an exponentially decaying profile i.e. the entanglement growth ceases. This makes sense intuitively because all of the eigenstates of an MBL system can be expressed as product states of the l-bits. When we act, for example, with σ x 6 , a single l-bit is flipped, bringing the state close to another product state of l-bit configurations (another eigenstate).
The small amount of entanglement spreading we do see may be attributed to the quasilocal nature of the l-bits. The l-bit at a particular site has a nonzero but exponentially decaying overlap with physical spins near that site. Thus, when we act on a physical spin at one site, we are also slightly perturbing l-bits at nearby sites. These perturbations rapidly die off in time, resulting in the equilibration to a state with a single flipped l-bit. The contour velocity in Fig. 3 is larger than the butterfly velocity of the OTOC which is to be expected because the OTOC has only one operator evolving in time while the global quench has all operators evolving in time. A zeroth order approximation then has v c 2v B . This is exactly true for 2D CFTs, but only a rough approximation generally.
III. Random Singlet Phase
In this section, we study the dynamics of a disordered free fermion model (described in
Ref. [61] ) that exhibits a transition between a topological and a trivial Anderson localized phase. At the critical point, the model exhibits a random singlet phase [62] . The RSP critical point has a number of interesting features, including CFT-like logarithmic scaling of entanglement entropy in the ground state [63] [64] [65] [66] , with an effective central charge equal to log 2 times the central charge of the clean theory. The RSP is the fixed point of the strong disorder real space renormalization group (SDRG) [67] , and can seen in e.g. the antiferromagnetic random bond Heisenberg model [62] . It should be noted, however, that the universal features of the RSP ground state seen at the SDRG fixed point do not extend to excited states in interacting models. Indeed, while the RSP-like critical behavior extends to the excited states of a noninteracting model like the one we use here (resulting in a so-called "quantum critical glass" [68, 69] ), small interactions can drive these excited states to a MBL spin glass phase. Studying the dynamics of an interacting model with a RSP ground state using the entanglement measures in this paper presents an interesting future problem. Some work in this direction has recently been done [70] , and it is found that the resulting particle-hole symmetric MBL phase exhibits entanglement growth behavior whose functional form depends on interaction strength, unlike conventional MBL.
Additional work has been done to investigate the dynamics of the random singlet phase.
For example, Ref. [39] studied the late time growth of entanglement entropy in the RSP after a global quench using numerical methods and found it to be doubly logarithmic in time.
Other works have studied entanglement growth in disordered critical phases e.g. Refs. [71, 72] . We build upon this work and calculate additional quantities that should give us further insight into the dynamics of the RSP.
We will use a free fermion model with a topological phase transition that can be shown to be equivalent to the RSP via a Jordan-Wigner transformation. The model and its phase diagram are outlined in Ref. [61] . The Hamiltonian is
where c i and c † i are two component fermions and the hopping and onsite potentials are
Here, ω i , ω i ∈ [−0.5, 0.5] are two independent random variables that simulate disorder, while ∆J and ∆m control the strength of the disorder. For the clean case, we have ∆J = ∆m = 0.
We can tune m to get the topological SSH ground state for m < 1 and a trivial gapped ground state for m > 1. At exactly m = 1, we have a c = 1 critical point. When we The entanglement entropy growth is depicted in Fig. 7 . Qualitatively, we see an initial linear growth, followed by what appears to be a power law growth, which eventually settles to a very slow, sub-logarithmic growth. In order to obtain an analytical estimate for the entanglement dynamics, we have used the quasi-particle picture. Since we are using a free fermion model, the quasi-particle picture is applicable. The master formula is [34] 
where is the length of the interval, v(E) is the velocity of the quasi-particles at energy E and f (E) is the entanglement production rate of quasi-particles. In other words, f (E) is the extent to which each mode contributes to the entanglement entropy. For this function, we can use the entropy of each occupied fermionic mode
where n(E) is the occupation number of each mode after the quench. The Fermi-Dirac distribution provides an excellent approximation for this
Here, β ef f is an effective inverse temperature, determined by the energy of the initial, prequench state.
Using the density of states for the infinite disorder RG fixed point, we can compute the velocity of the associated quasi-particles [73] ρ
The above density of states is quite unusual, though we have verified it numerically, reassuring us that we are closely approximating the infinite disorder fixed point. It displays a concentration of low energy "slow" modes between E = 0 and E = 1. These may be responsible for the long-time growth of entanglement entropy. It should be emphasized, however, that the above density of states comes from the fixed point of a real space RG procedure, and is only expected to be valid asymptotically as E → 0. Using the standard form for the semiclassical particle velocity, v(E) = dE(k) dk k(E) , which we have done, is also not exactly correct, since the eigenstates of the disordered model are not labeled by momentum k. Disorder averaging, however, restores approximate translational symmetry, and the above form of the quasi-particle velocities yields results consistent with numerics. The remaining details of this calculation can be found in Appendix C. The analytical form of the entanglement entropy is very complicated and not terribly enlightening, but appears to agree well with the numerical results in the plot shown in Fig. 7 .
We will now use the contour to investigate finer grained aspects of the entanglement entropy growth. The result of a global quench from a gapped ground state at half filling can be seen in Fig. 8 . Though the production of entanglement is weaker than it is in the clean limit, the contour certainly demonstrates nontrivial spreading, and carves out a novel power-law light cone. Picking the s(x, t) = 0.001 contour from Fig. 8 , we see that the wave front of the contour approximately follows the curve x c ∼ t α , with α ∼ 0.264. 
B. Operator Entanglement and Negativity
We now compute operator entanglement measures in the random singlet phase. The results are shown in Fig. 9 . The BOMI is consistent with the quasi-particle picture with a non-trivial dispersion relation. In the graph for I AB , we see that some quasi-particles from subregion A enter subregion C, causing an increase in I AC . On the other hand, some of the quasi-particles leave subregion B, which has been chosen to have the same spatial support as subregion A, causing a slight decrease in I AB . Note that I A,BC is time independent. This is because the unitary operator state is a pure state and the complement of A ∪ BC is a spatial region located only on the first Hilbert space, so S A,B∪C is time-independent. The tripartite mutual information is negative and appears to saturate at some value that is independent of the subsystem size. Naively, we would then be led to believe that there is some amount of scrambling. However, we will see that this nontrivial I 3 is actually a finite size effect, which disappears as we go deeper into the RSP. In the inset of Fig. 9 , we show a plot of I 3 (t = 200) as we vary the disorder strengths ∆J and ∆m with their ratios fixed. The parameters m, ∆J, ∆m have to be tuned to remain in the random singlet phase. A plot of E 3 (t = 200) against ∆m is shown in the inset of Fig. 10 . The ratio between ∆J and ∆m is kept fixed, and m is adjusted so as to remain in the random singlet phase. The magnitudes of both tripartite operator mutual information and tripartite operator logarithmic negativity decrease as disorder strength is increased. This indicates that the "scrambling" we observe in the RSP vanishes as we move deeper into the phase, and the nontrivial values of I 3 and E 3 we observed are merely a result of finite size.
C. Local Quench Contour Dynamics
We perform a local quench in the RSP by initializing our system in the half-filled ground state of our model (using the same parameters as in the global quench), and applying the following local operatorσ
at the site j = L/2. We then time evolve with the RSP Hamiltonian, computing the entanglement contour at each time step, and averaging the result over disorder realizations.
The resulting entanglement contour can be seen in Fig. 11 . At early times, we see diffusive spreading of entanglement along a linear light cone, which soon dies off, leaving a steady state entanglement contour. There is considerably more entanglement spreading than in the Anderson case, which points to some amount of weak operator spreading. Investigating the OTOC of the same local operator will allow us to understand this weak scrambling more clearly. which soon dies out and results in a contour similar to that of the RSP ground state, albeit with a slightly larger magnitude. The results for the contour were averaged over 500 disorder realizations, normalized by log 2, and the ground state entanglement contour was subtracted off to provide a clearer picture of entanglement spreading.
D. OTOC
We also compute OTOCs with the same operator, to closely compare the operator spreading with the entanglement spreading induced by the same local operator. The computation is performed using the method found in Ref. [47] with the appropriate generalization to complex Hamiltonians. The results indicate that although the local quench produces a small, but nonzero amount of entanglement spreading, there is negligible operator spreading. This is similar to the Anderson localized system, in which case there is no spreading of either the operator support or the entanglement contour. We have included results from the Anderson insulator in Appendix D for direct comparison with the random singlet phase.
In this section, we show the result for an OTOC in the RSP. Using the Jordan-Wigner transformation, we can turn the fermionic model into a spin-1/2 model, making the compu- The two plots are virtually identical, indicating that the random singlet phase displays essentially no operator spreading, at least for σ z .
tation slightly easier. We compute the following correlator:
where i, j label sites in the spin model and x = i − j.
A plot of C as a function in both space and time is shown in Fig. 12 . This particular OTOC does not seem to distinguish between the random singlet phase and the Anderson localized phase. Computing the OTOC for some other pairs of operators yields similar results. It is interesting that although the RSP seems capable of producing a nontrivial amount of entanglement entropy, the OTOC does not reveal much about operator spreading.
This further justifies the use of a wide array of measures for understanding the dynamics of the RSP and other non-thermalizing systems.
IV. Discussion

Contour velocity vs. butterfly velocity
In this paper, we have considered two distinct, but related, velocities; the contour velocity and the butterfly velocity. Following a global quantum quench, the entanglement contour propagates from the entangling surfaces. The contour velocity is the speed at which the wave front propagates. One must impose some cutoff value of the contour in order to define the wave front. On the other hand, the butterfly velocity corresponds to the speed at which local operators spread, in contrast to the contour velocity which corresponds to the speed at which correlations spread. The butterfly velocity is defined through the out-of-time-ordered correlator (OTOC). Naturally, the contour velocity and butterfly velocity will be related. 
Late-time quasi-Equilibration of MBL
Though we are working with very small system sizes, we see that the saturated TOMI and TOLN values do not scale linearly with subsystem size in MBL, which they do in ergodic channels [31, 32] . They are, however, nontrivially negative, whereas they saturate to zero for free homogeneous systems and Anderson localized systems. This, combined with the slow spreading of the contour and the logarithmic growth of entanglement, indicates that although MBL does not transport particles or energy, it is capable of spreading some quantum information over long periods of time. The late time saturation of subsystem entanglement entropy to a volume law and of TOMI leads us to wonder about the nature of this late-time state. It is clearly not fully thermalized, since it still retains memory of the initial LIOMs, yet it displays volume law entanglement, and the MBL time evolution operator clearly causes some amount of slow scrambling. Is this a different sort of "thermalized" quasi-equilibrium state? Can it be characterized by a sort of generalized Gibbs ensemble?
Generic scrambled pure states are described by so-called canonical thermal pure quantum (cTPQ) states [74] , which describe all of the late time thermal behavior of local operators in thermalizing systems. Perhaps a generalization of such states could describe the late-time, partially scrambled state after a global quench in MBL.
Lack of Eigenstate Thermalization
An implication of the eigenstate thermalization hypothesis (ETH) is that generic excited states of nonintegrable many-body systems demonstrate volume law subsystem entanglement entropy, assuming the subsystem is sufficiently small. Although most forms of ETH require nonintegrability, the volume law entanglement can be seen in many integrable systems as well. The excited eigenstates of our Hamiltonian (14) tuned to the random singlet phase, in contrast, do not display volume law entanglement, instead showing logarithmic growthlike its ground state. This sub-volume law entanglement is at the root of the slow dynamics we see in the RSP.
Although we use a free fermionic model for the RSP, the phase is also realized as the ground state of interacting models with disordered hopping, e.g. the spin-1 2 antiferromagnetic Heisenberg chain [62, 67] . Further investigation of entanglement contour and operator dynamics in an interacting model exhibiting a RSP ground state is an interesting avenue for future work.
Decoupling of Entanglement and Operator Spreading
The difference in the butterfly velocity and the contour velocity (after a global quench) already highlights the essential difference in the phenomena of operator spreading and of entanglement spreading. The difference in behavior between the OTOC and the entanglement contour after a local quench in the RSP provides another example of this difference.
Although both quantities ostensibly probe the consequences of perturbing the system with the same operator -in our case σ z i -they yield very different information. The OTOC tells us that there is little to no spreading of the support of the initially local σ z i operator. On the other hand, if we perform a local quench using σ z i acting on the ground state, then compute the entanglement contour, we see that the operator causes small but nontrivial entanglement spreading. It is thus crucial to analyze a variety of both operator and state measures when trying to understand the information spreading properties of a particular system. One may miss interesting aspects of the dynamics of the RSP and other systems by focusing solely on the OTOC or the entanglement entropy. The precise relations between the operator and state information measures used in this paper is something that warrants further study.
V. Conclusion
In summary, we have investigated the non-equilibrium dynamics of two distinct nonthermalizing phases; many-body localization, and (a free fermion realization of) the random singlet phase. Calculating the entanglement contour after a global quench revealed a logarithmic light cone of entanglement spreading in MBL. This light cone was similar, but not identical to the logarithmic light cone seen for the OTOC. Meanwhile, in the RSP, the entanglement contour yielded a novel power-law light cone, despite trivial spreading of the OTOC in that system. Moving on, we calculated operator mutual information and negativity for both of these systems. We found that, unlike the Anderson insulator, the many-body localized system demonstrated slow, but nontrivial saturation of tripartite operator mutual information and negativity, to values smaller in magnitude than in the Haar-random case.
This indicates a level of weakly-scrambled quasi equilibration in MBL, which warrants further investigation with more sophisticated numerical methods. The RSP, on the other hand, demonstrated tripartite operator measures that decayed to zero with increasing disorder, indicating that they were a finite size effect, and that, despite its nontrivial entanglement spreading, the RSP does not delocalize quantum information. All together, these results indicate a broad range of behavior of state and operator dynamics between clean, free particle systems and the maximally scrambling holographic or Haar-random systems. Other systems that may be worth investigating include models with quasiperiodic potentials (in particular the Aubry-André model [75] ) , Floquet systems, and random unitary circuits with measurements 5 .
As entanglement measures become more experimentally accessible, the ubiquity of disorder in physical systems could make slowly scrambling systems an interesting testbed for quantum information dynamics in the lab. Many-body localization has been realized experimentally in several different settings, including superconducting qubits [82] and optical lattice systems [83] . Information theoretic measures, for example the quantum Fisher information [51] and the second Rényi entanglement entropy [53, 84] , have become tractable in the lab. As experiments continue to improve, it would be interesting to see other entanglement measures measured experimentally in MBL and other disordered systems.
Operator State for Free Fermions
We wish to compute the operator mutual information for the following state
for a free fermion Hamiltonian with no superconducting termŝ
where we impose open boundary conditions. We can diagonalize it with unitary matrices
We can write down the thermofield double state with the fermions in the diagonal basis.
The state is required to be normalized.
The normalized thermofield double state is
The time evolved state becomes
Alternate form of Operator State
In this subsection, we will rewrite the operator state (A7) by using the holes of the B
Hilbert space instead of the particles because this allows us to use the regular correlation matrix without pairing terms. Let χ Ak , χ Bk be new fermion operators and consider
Define χ Ak = ψ Ak , χ Bk = ψ † Bk and note that
Bq |0 χ = 0 since (χ † ) 2 = 0. The ψ and χ fermions are related by a particle-hole transformation on H B . Next, we show that the state is already normalized
Note that the two momentum products are in reversed order relative to each other. Also, for each momentum, we a product of the following two factors
where + . . . stand for the terms that will annihilate the vacuum. Next, we wish to compute the correlators for this state written in terms of the χ Ik fermions.
where it is understood that |0 = |0 χ .
Correlator Method
Now we compute the correlation matrix
This leads to the simplification
Suppose that the product over momenta in (A11) is arranged in increasing order. The matrix element for each momentum k is
Let us compute the term in the square bracket for the four possible values of (I, J). We drop all terms go to zero when inserted in the correlator.
The correlators are
To compute entanglement entropy, we need to the correlation matrix in real space. For a general position space Hamiltonian,
the correlation matrix is
The von Neumann entropy is then given by
where ξ k (t) are the eigenvalues For the truncated correlation matrix where we only keep the entries corresponding to degrees of freedom in our subsystem.
In this appendix, we explain how to use the correlator method the efficiently compute entanglement entropy and logarithmic negativity following a local operator quench. We follow Appendix A of Ref. [13] in describing global quantum quenches. We then use a trick to apply the global quench technique to local operator quenches.
We consider N fermions on a lattice and seek to construct the correlation matrix C rr ≡ ψ † r ψ r . Because we are concerned with quantum quenches, we must specify our two free fermionic Hamiltonians which may be diagonalized as
These are related to the original fermion operators by unitary transforms
Let us assume that we have started in initial state
then we may compute the time dependence of the correlation matrix by C rr (t) = n,n e i( n− n ) φ * n (r)φ n (r ) m∈occ.
U nm U * n m .
To apply this formalism to local operator quenches, we diagonalize our Hamiltonian of interest and prepare the ground state (at half-filling)
We then apply our local operator O to set the (appropriately normalized) initial state
In order to keep using the correlator method, this operator must keep the state Gaussian.
In this work, we have used O = (−1) F which is both unitary and Gaussian. Then we simply follow the above procedure for the global quench with g † n ≡ N n Of † n . 
D. Anderson Localization Results
In this appendix, we present numerical results for the entanglement contour and operator entanglement for the Anderson localized system. The results confirm the expectation that the Anderson system displays little to no entanglement and operator spreading. 
